Fundamentals of Al: Constraint Satisfaction Problems
A Comprehensive Guide to Theory, Algorithms, and Application
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Beyond Standard Search: A Factored View of States

Standard Search Problems Constraint Satisfaction Problems (CSPs)

factored
representation

States are treated as atomic, indivisible black States are defined by a factored representation—
boxes with no internal structure. a set of variables, each with an assigned value.
The Goal & The Benefit

Goal: Find a complete assignment of values to all variables that satisfies a given set of constraints.

Benefit: This structured representation allows for general-purpose algorithms that are significantly
more powerful than standard search methods.
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The Formal Definition: Anatomy of a CSP

The Theory The Example (Map Coloring)
A Constraint Satisfaction Problem is a @

tuple (X, D, C): ol W
e X: A set of variables, {X1, ..., X,}. = o .‘.@‘

e D: A set of domains, {D,, ..., D,}, _\4]\ tﬂ.. o
where D; is the set of allowable values —
—> X (Variables): {WA, NT, Q, NSW, V, SA, T}

for variable X;.
e C: A set of constraints, {Cy, ..., C,,}. > D (I?omains): D; = {red, green, blue} for all
Each constraint C; is a pair (scope, rel), variables. ® O
where SEOLE is a tup]:g of variables and > C (Constraints): Adjacent regions must have
rel is a rellatlon defining valid value different colors. Example: {SA # WA,
combinations. SA # NT, SA # Q, ...}.
Note: SA = WA is shorthand for ((SA, WA), SA = WA)

& NotebooklLM



The Brute-Force Approach (And Why It Fails)

Method

A standard depth-first search where the successor @
function assigns a value to any unassigned variable. . Explores all
=\ assignments

Initial State: The empty assignment { }.

Goal Test: The current assignment is complete Branching
and satisfies all constraints. factor d
T=red T=green I}lue WA=red WA=green WA=blue NT=red NT=red NT=green NT= blue Q- red Q=red

%%/%% m\ m NN\

Tenad, pred, Tered, Tered, Tered, Tered., Tennd, Tored, Torod, Terod, md, beod, HWTered, WTared HTered, WFercd HTrered, Bsred, GBared, Klared, HTsred, Gwred,
Wi red '|l..lm:|'| peEn KTsvcd Wi rﬂj Wi nru}u:-n KTsred Winoracr WAs qd RA=T HTerpd WAsred RAvgroen Il'l-ll.'-l;‘.'l HinTaa "h;rﬁ“' HI rog HFsred 1"9"“'"“1- Clos Kis rr'-e:lI H!Tv.-l:!_rr._‘c Histbue BTsved Kivsed HF: n1u;;| Wreved Weired HT= nr:‘en Hf=blug Q= |r{: NT-Glue OQ=rad

Wity
;i‘ ﬁ*ﬂ‘

The Critical Flaw R N T The Consequence

This approach is massively redundant. It

explores different paths for commutative j N um b er Of L eaves = n ! d n

assignments (e.g., [WA=red, NT=green]
ancifiT =xreen, WASced |)Reit they Combinatorial expiosion
were unique.

This is computationally intractable
for even simple problems.
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The Foundational Algorithm: Backtracking Search

Concepts |
] l.E.HEI,l?"I
» Key Insight: Variable assignments are commutative. We can fix the E"‘ﬁ';;"g Sogy
order of assignment by considering only a single variable at each
level of the search tree.
jur[ﬂ.h?ﬂr.l st WA=green L::;I‘I
* Process: e (WA)

o A depth-first search that assigns a value to one variable at a time.

o If a partial assignment is found to violate a constraint, the e
algorithm immediately “backtracks”, pruning the entire subtree @)
below that point. BACKTRACK

e The Improvement: Constraint
The search space is reduced from "n!d"" to "d"" leaves. While still ot
exponential, this is a dramatic improvement.

» Core Pseudocode: S

function Backtracking-Search(csp) returns solution/failure
return Recursive-Backtracking({}, csp) Constraint

Violation
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Optimizing Backtracking: Four Guiding Questions

The core Recursive-Backtracking algorithm reveals
four opportunities for intelligent optimization: |

] . :
var « Select-Unassigned-Variable(csp) ; s 1'&22;;?:23?:2;2"”'('

. . 2. In what order should
for each value i1n Order-Domain-Values(... }—) . .
. ‘ i) Its values be tried? >

| | 3. Can we detect
inferences « Inference(csp, var, value) ———p 2 : :
; | inevitable failure early?

v

4. Can we exploit the problem’s structure?

W\

\
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Question 1: Which Variable? (The ‘Fail-First’ Principle)

Minimum Remaining Values (MRV)

e Rule: “Choose the variable with the fewest legal
values remaining in its domain.”

e Rationale: “It is the most likely to cause a failure,
allowing the algorithm to prune the search tree as
early as possible.”

Degree Heuristic (Tie-Breaker)

e Rule: “Choose the variable involved in the most
constraints on other unassigned variables.”

o Rationale: “This choice has the largest effect on
reducing the domains of other variables, thus
pruning future branches.”

{red, blue}
remain. Not

selected.

Only {blue} remains. '
MRYV selects SA next. @

Degree: 5.

A good initial choice. @
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Question 2: Which Value? (The ‘Fail-Last’ Principle)

Heuristic: Least-Constraining-Value (LCV)

e Rule: “Prefer the value that rules out the fewest choices for neighboring variables in the constraint graph.”

e Rationale: “We only need one solution. This strategy attempts to find it by picking values that keep options
open for the future, making backtracking less likely.”

Setup: ‘'WA=red’, NT=green . We are choosing a value for 'Q'.

Choice 1: Assign Q = blue’ Choice 2: Assign Q =red’

Leaves 1 valid
choice for SA.

Leaves 0 valid
choices for SA.

D, DC: D D, 5, e V4

Conclusion: LCV prefers "Q=red".
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Inference Part I: Proactive Pruning with Forward Checking

Theory In Action - Map Coloring

Definition: After assigning a Sequential Visualization: Forward Checking on Australia Map Coloring

value to variable X, Forward

Checking makes all Step 3: Assign 'Q=green’

Step 1: Initial g RN

; . Initial domains: W ‘dom(NT) and dom(SA) are further reduced to {B}.
unassigned neighbors X iti nmaln? : (NT) an (SA) are further reduced to {B}
arc-consistent with X. Gl NT | Q |Nswj VvV | SA | T WA | NT [ Q [NSW| V | SA | T

. RGB RGB|RGB RGB|RGB|RGB|RGB R %’B RGR %’B RGRB MB RGB
Process: For each neighbor X, Il
remove any values from its Step 2: Assign "WA=red"
Flﬂmalt.l Dj tha:[ are Domains of neighbors 'NT and "SA" become {G, B}.
inconsistent with the new | | A
assignment for X;. R O, NSV SO T %tep{sﬁ;mgn V—{B}u: {R,G}=1{}

R |BeB|RGB|RGB|RGB|REB|RGE s e LRI
Faill.ll'e DEtEL‘.tion: If E.ny l @ WA NT 0 NSW V SA T
neighbor's domain becomes
emflty the assignment to X; g (1S ] g ROP | RCP | ROP S " C
3 i . »

IR faile d, andithe algnrithm dom(NT) and dom(SA) are further Teducecl to {B}.
algorithm backtracks WA | NT | Q [NSW| VvV [ X | T FAILURE DETECTED.
immediately. R |BGB|R&B|BGEB|RGB RGB|RGB Backtrack from V=blue .
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Inference Part ll: Full Constraint Propagation with AC-3

Definition and Concept

An arc (X;, Xj) is arc-consistent if for every value x

in D;, there is at least one allowed value y in D;.

A CSP is arc-consistent if every arc in its constraint

graph is consistent.

The Algorithm

e Maintains a queue of arcs to check.

e When a value is removed from D; while
checking arc (X;, X)), all arcs (X, X;) pointing
to* X; are added back to the queue.

 This propagation continues until the queue is
empty, ensuring full arc consistency.

e Queue of Arcs to Check
{(Xk: Xi)r (er Xi): }

e @ \ Chain Reaction: New

@ arcs added to queue

function AC-3(csp, queue) returns failure or the reduced csp
while queue is not empty do
(Xi, X;) < Remove-First(queue)
if Remove-Inconsistent-Values(X;, X;) then
if size of Domain(X;) = @ then return failure
for each X, in Neighbors[X;] \ {X;} do
add (X, X;) to queue
return csp

Time Complexity: O(cd?), where ¢ is the number of arcs and d is the
maximum domain size.
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Inference in Action: A Head-to-Head Comparison on Problem 3.2

vZ=v1l+1

The Scenario

Y2 SV V3 1= V5

v4

v3 I=v1

vd=vy3-1

With Forward Checking (Problem 3.2.2)

"v3=3" is assigned. FC checks immediate neighbors.

Variable Domain
vl {2, 4}
V2 {214}
5
v $2, |45
v5 {2, 4}

No empty domains are found. The search continues,
exploring invalid paths before eventually backtracking.
(Total Backtracks: 2).

Assignment: The search algorithm first assigns "v3 = 3

V5 > vd Problem: The v1-v5 constraint graph where all initial domains are {2, 3, 4}.

N
-

With Arc Consistency (Problem 3.2.3)

"v3=3" is assigned. AC-3 propagates constraints.

Variable Domain v1's domain change
L LT Ll Bl e
V2 {}

z
va {2, 4}
V5 {2, 4}

FAILURE IS DETECTED IMMEDIATELY. The algorithm
backtracks from "v3=3". without any further
assignments. (Total Backtracks: 1).

l FAILURE DETECTED. Backtrack from 'v3=3". |



A Proactive Strategy: Arc Consistency as Preprocessing

The Strategy: Run the AC-3 algorithm on the entire CSP before starting Backtracking Search.
This makes the initial problem representation cleaner and more constrained.

Before vs. After ot Problem 3.2.4

Before Preprocessing After Running AC-3
Initial State After Preprocessing
Is the initial v1-v5 graph arc-consistent? No. Result of Preprocessing:

y The Inconsistency: If 'vi=4,
uz “VI+17 N4 the constraint v2 = v1 + 1
requires v2=5, but 5is not in
V2<V3 *dom(v2)".

domGyv])maq2 3. 4} dom(vl) = {2, 3%
dom(v2) = {2, 3, 4} dom(v2) = {3, 4}
dom(v3) = {2, 3, 4} dom(v3) = {2, 3, 4}
dom(v4) = {2, 3, 4} dom(v4) = {2, 3, 4}
dom(vs) = {2, 3, 4} dom(v5) = {2, 3, 4}

The Benefit: This permanently reduces the branching factor for the entire search, preventing the algorithm
from repeatedly rediscovering the same basic inconsistencies.
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Question 4: Exploiting Problem Structure

Tree-Structured CSPs
If the constraint graph has no loops (i.e., it’s a

Independent Subproblems

If the constraint graph has disconnected
components, they can be solved as separate,

smaller CSPs.

o %

4

Independent
Subproblem

Complexity Reduction: Solving n/c problems of
size cis O(n/c * d"<). This is exponentially better

than solving one problem of size n, which is 0(d").

tree), the problem can be solved efficiently.

Complexity: O(n*d*), which is polynomial time.

Algorithm:
1
2!

3.

Perform a topological sort of the variables.
Enforce directional arc consistency from leaves
to root.

Assign values from root to leaves without any
need for backtracking.
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Handling Nearly Tree-Structured Problems

Method 1: Conditioning (Cycle Cutset) Method 2: Tree Decomposition

1. Identify a small set of variables S (the “cycle Decompose the graph into a set of connected
cutset”) that, once assigned, break all cycles in subproblems, which themselves form a
the graph, leaving a tree. “super-tree”.

2. For each valid assignment to the variables in S,

solve the remaining tree-structured CSP. NT

(w8, 0
@ {SA, Q, Q}

OgiaC e T
NSW

Remove SA
> NSW Vv

Solve each subproblem, then solve the
Complexity: 0(d * (n-c)d?), where c is the constraints between the subproblems using the
size of the cutset S. efficient tree algorithm.

(SA, NSW, V}
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Mastering CSPs: The Toolkit for Intelligent Search

Foundation: CSPs use a
factored state representation,
solved fundamentally by
Backtracking Search.

Optimization Layer 1:
Heuristics (Smart Selection)

» Variables (Fail-First):
Minimum Remaining
Values (MRV), Degree
Heuristic.

» Values (Fail-Last):
Least-Constraining-Value

(LCV).

Overview of Constraint
Satisfaction Methods

|

J

J

inference

J

problem
structure

J

Forward
Checking

variable value
selection selection
| .
Minimum Least-
Remaining Constraining-
Values (MRV) Value (LCV)
Degree
Heuristic

Tree-
Structured
CSPs

Arc
Consistency
(AC-3)

Conditioning

(preprocessing /
during search)

Tree
Decomposition

Optimization Layer 2:
Inference (Smart Pruning)

* Basic: Forward Checking.

* Advanced: Arc Consistency
(AC-3), used during search
Or as preprocessing.

Optimization Layer 3:
Structure (Smart Analysis)

 Exploit independent
subproblems and fast
algorithms for Tree-
Structured CSPs.

* Handle complex graphs
with Conditioning and
Tree Decomposition.
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