
2. Lyapunov Stability
1 : Requirements

Requirements

1) autonomous I= f(( , t)

2) Junique sol ? Existence of (local/global) unique solution
-> E(X,t) must locally/globally Lipschitz continuous

.

Sufficient condition 1) If fIX . t) is continuous and continuously differentiable

for Lip -Continuous => f(x.t) is locally Lipschitz continuous y = Xa

2) If additionally allare bounded :- Y 2x

local .
L .

C

=> f(X , t) is globally Lipschitz continuous

E



2. Lyapunov Stability
2 : Lyapunov method - Direct method EP

,
V(X) pdf ?, V(X) n(s]df ?

Lyapunov's direct method 1) EP : ** O Celse : state transformation (

2) Lya . function V(X) is positive definite (pdf) and

↓ (f) energy-like... continuously differentiable (cont, diff)
pdf itor ?

-> It's Lasalle's V(x) pdf () V(x) = 950 , for 1= 0

1 + 0

3) V(X) is negative (secuil definite -> derir
. respect to time

V(X) ndf> Vix) = 5 = % , for 1= 0

*+ 0
S

V(x) nsdf E> VIX) = [0 · for

X+ 0

Stability conclusions

must

If ((x ll -> 0
, V(k) -> o

- J

Considering-time dependency :

-> stability conclusion is uniform
,
if VIX

,
t) is decresent

-> If no explicit dependency on time -- > VII) decresent



2. Lyapunov Stability
2. Lyapunor method - Lasalle's Invariance Principle

Lasalle's Invariance Prinzip
-> applicable if V(X) is not pdf
1) V(X) is cont

.

diff

2) V(X) = 0 for all X in invariant set -

3) E = (x+ /v(x) = 07
=> Solution of I = F(X) converges to (largest) invariant set M & E

(f) If M only contains EP => asymptotically stable

&xsto
Si-

(v(x) =0)

Corollaries => show asymptotical stability if VI) is only nsdf

· Barbashin (local) · VIX) is pdf on Be * EPX*
= & is loc . asym . Stable

·((X) = O on Be if only(t) = 0
may remain in S

· S = EXEBal V = 03

· Krasovskii (global) - V(x) is rapidally unbounded

· V(X) is globally pdf on IRh

· Y(X) 10 globally on R * EPX*
= & is glob . asym . Stable

· S = [XERYv() = 0Y if only(t) = 0
may remain in S



2. Lyapunov Stability
2 : Lyapunor method - Lyapunor's Indirect Method /time - invariant)

Requirements 1) Dynamics I = FIX)
,

with f(x) continuously differentiable

2) Arbitary EPs **

Procedure 1) Linearize : E = f() -> X = AX
,

with A=
=

*

2) compute Eigenvalues Xi : det (A- XI) = 0

3) Evaluation (only holds locally)

↓:: ReXil < 0 7 :: ReExil > 0
7 : Re[Xil = 0

fi : Re[xi) = 0

asym . Stable unstable no evaluation

X X X XX

X

X X X XX

X

O



2. Lyapunov Stability
3. Linear Us Non-linear Systems

Lyap . Stability of LTI Sufficient conditions for asymptotic stability
1) V(X) is pdf and cont ,

diff

2) ((X) is not

pdmatrix

Strategy for LTI := Ax · Choose VIA) = XIPX
,

with P> O

· v(x) =[PX + +P = XT(ATP + PA)]

(f) Lyapunov's If there exists P > 0
.

Q30
,
st

.
Ap + PA = - &

,

Direct Method for LTI = EPX*
= 0 is globally asymptotically stable

.

Stability Analysis using Eigenvalues
· LTI Systems := AX => Compute eigenvalues Xi(A) : det (XI-A) = O

:: Re[xi) o
= i : Redin = o

5 : Redxih > o

↓ i : Re[xil [0

asym. Stable Stable unstable

· LTV systems : 1 = Alt * EP1*
= 0 is uniformly globally asymptotically stable if

1) #i : ReqXi (Alt) + ACT)Y < O for At

OR

2) Fi : ReEXi(Aft)Y <O for Et
,

and SPACESTASt)dE < 00.



2. Lyapunov Stability
3. Linear Us Non-linear Systems

Lyapunov Functions => there exists no generally suitable Lyapunov function V(X)

for Nonlinear Systems
commonly used candidate functions :

· Energy function (resulting from energy balance analysis)
· v(X) =TX

· V(X) = XTPX
,

with P > O
tracking error

· vid = sinc (TX) ↑ of each systems
· Backstepping : V(X)= e with ei

I sliding variables

· Sliding Mode Control : VIA)=&S with I



2. Lyapunov Stability
4. Domain of Attraction

* For locally stable EPs of the System * =F(X ,t)
,

((to) = 10

DoA : Domain of Attraction The DoA Al**) of EP ** is the set of all initial states 1
,

for which the resulting trajectory converges to the EP.

DoA is open ,
coherent , invariant set

.

(Its boundary invariant
,

and consists of trajectory system

DoA Problem exact computation is difficult/impossible in most cases

Strategy -> Use Lyapunov function VII) to compute EcEA(**)

1) EP ** is asym . Stable according to V(A)

2) Define V = < * 3 UC* / VIA) > 0
,

v(X) < 04
3) Define Ec = (* V(X) = ch
=> EcEA(**)

,
if EcEV and Ec is bounded

.



2. Lyapunor Stability
5 : Lyapunor Based Controller Design

* Lyapunor theory can be used to design stabilizing controllers

non-autonomous system I=F(1 , 1)

Lyapunov Based Controller 1) Choose candidate V(*)

2) Compute V(X
, 1)= (*, H)

3) Find feedback law 1 = #(*)
,

such that VI)
,

↓(
, (1)) fulfill Lyapunov stability conditions

=> autonomous system I= F(*, (11) is 1 ... / stable
·


