Unveiling Latent Structures:
An Intuitive Guide to SVD

A visual explanation of Singular Value Decomposition
using the Users-to-Movies example.

Based on Lecture 10: Dimensionality Reduction & Matrix 'n m
Factorization, Technical University of Munich & notebookiM



The Core Idea: Decomposing Data to Find Meaning

Singular Value Decomposition (SVD) is a fundamental matrix factorization technique. It states that
any real matrix A can be broken down into three separate matrices. This is an exact decomposition,

A=U-%-VT

not an approximation.

Matrix Dimensions  Description
U nxr Left Singular Vectors
Singular Values
Z S (Diagonal Matrix)
T Right Singular Vectors
V rxd (Transposed)

n = number of rows in A, d = number of columns in A, r = rank of A
Note: U and V have orthonormal columns.

Interpretation

Rows map original data points (e.g.,
users) to latent factors.

Shows the “strength” or importance
of each latent factor.

Columns map original features (e.g.,
movies) to latent factors.
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Our Story: Users, Movies, and Hidden Tastes

Let’s begin with a user-movie rating matrix A. Movies

The rows represent users, the columns are M1 M2 M3 M4 M5

movies, and the entries are the ratings given. -

At first gl it’s just a table of b ol 2 i : ;
irst glance, it’s just a table of numbers.

However, hidden within these ratings are Uz |5 S 0 1 1

underlying patterns: U3| 4 ! 0 1 2

* Some users strongly prefer a certaintypeof A =ys| 3 4 0 2 p,
movie.

» Some movies belong to a specific genre. US| @ 1

The Challenge: Can we automatically discover Ue | O 1 ¥ >

these hidden “concepts” and map both users U 1 Sy

and movies to them?
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The Decomposition in Action

Applying SVD to our rating matrix A yields the U, X, and V! matrices. While it appears to be
just more numbers, the unique structure within these matrices is the key. In the following
slides, we will break down each component to understand the story it tells.
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Interpreting X: The Strength of the Concepts

The diagonal £ matrix contains the
singular values. These values 1 2 o 3 6 0

measure the importance or

"strength" of each latent concept 0 9 5 l|. 8
discovered in the data.
 Values are always positive and \
sorted in decreasing order o1 = 12.36: Represents g, = 9.48: Represents
(op=0y=...>20). the S:[rength of the most  the strength of the
e A large singular value indicates dominant concept. We second concept. We

wil call this the will call this the

a strong, dominant pattern. “Sci-Fi” concept. “Romance” concept.
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Interpreting U: The User-to-Concept Matrix

The U matrix maps each user to the latent concepts we identified in X. Each column
corresponds to a concept, and each row reveals a user’s alignment with those concepts.
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e Concept 1 (Sci-Fi): The first four users have high values in this column and zero in
the other. They are clear “Sci-Fi fans.”
e Concept 2 (Romance): The last three users have high values in this column. They are

“Romance fans.”

U has effectively created a user feature vector based on latent tastes.
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Interpreting V': The Movie-to-Concept Matrix

The V' matrix maps each movie to the same latent concepts. Each row
corresponds to a concept, and each column shows a movie’s alignment with
them.

Matrix Alien Serenity Casablanca Amelie
Sci-Fi [(0.57 0.57 0.57 0 ES)
Romance [ 0 0 0 -0.70  -0.70]

e Concept 1 (Sci-Fi): The first three movies have high values in this row. They
clearly belong to the 'Sci-Fi' concept.

* Concept 2 (Romance): The last two movies have high values in this row.
They belong to the '/Romance' concept.

VT has automatically categorized our movies based on their latent properties.

(Note: As per the source, the signs in the second row can be flipped without changing the decomposition’s valid & netescorv



Beyond Simple Blocks: SVD on Complex Data

The previous example was clean. But what if user tastes are mixed? For example, a user
rates both Sci-Fi and Romance movies. Let’s look at a more realistic rating matrix A’ and
its SVD. Notice the new ratings that break the simple block structure.

(:b‘

e o
A’ SOMES D U * > * \"Al
User 1 5 0 0 0.43 -0.14
User 2 4 ) 0 .35 -0.11
LBeIOR |8 Ve 0 e T o e[ e A et e A
Sl R e . =0 [,9%00 5002 | SN0t caeo (BT 198 — a0t 0700, €2
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Toenae |0r 4 _0. M6t k63
User 7 (BB @D & _0.18 -0.29

The resulting U and VT matrices are no longer sparse. The values are blended. This is
where SVD’s true power lies: it can uncover nuanced, mixed associations.
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Interpreting Nuanced Factors

In the more realistic example, users and movies are now a blend of concepts. The SVD represents
this nuance numerically.

The New U Matrix: User-to-Concept A user is no longer just a “100% Sci-Fi fan.”
Concept 1 Concept 2 Concept 3 Instead, their row vector represents a mixed
User 1 [ 0.13 0.02 50.01 profile. For User 4, they are:
User 2 [ 0.41 -0.07 -0.03 1 .+ Strongly associated with Concept 1 (Sci-Fi):
x_USEI' s | 0.55 -0.09 -0.04 | .~ 0.68
User 4 [ 0.68 =0.11 RO OBEN—

P Slightly negatively associated with Concept
— — 2 (Romance): -0.11

The Takeaway: SVD gives us rich, dense feature representations for users and items, capturing the
subtleties of their characteristics instead of forcing them into a single category.
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Conclusion: SVD as a Lens for Discovery

Singular Value Decomposition provides a powerful method for looking inside our data and uncovering its
fundamental, latent structure.

1. It starts with a simple data matrix (A).
* e.g., A collection of user-movie ratings.

|

‘ 2. It decomposes it into three interpretable parts (U, Z, VT). |

pel all i

U: The “User-to- 2: The “Concept VT: The “Movie-to-
Concept” Matrix. Strength” Matrix. Concept” Matrix.
Profiles each user based on Ranks the importance of Profiles each movie based
their affinity to hidden each discovered concept. on its alignment with the

concepts. same concepts.

By translating abstract linear algebra into a story of users, movies, and tastes, we see SVD not just as a
formula, but as a fundamental tool for automatic feature discovery and data understanding.
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